ABSTRACT. We determine the leading low-energy fall-off of the integrated density of states of a magnetic Schrödinger operator with repulsive Poissonian random potential in case its single impurity potential has a slow anisotropic decay at infinity. This so-called magnetic Lifshits tail is shown to coincide with the one of the corresponding classical integrated density of states.
INTRODUCTION
Random one-particle Schrödinger operators with (constant) magnetic fields have been attracting considerable attention in the physics as well as mathematics community. Physically speaking, each of these operators models a spinless quantum particle which moves in the Euclidean configuration space Ê ¿ subject to a random potential Î Ê ¿ Ê and a constant magnetic field of strength ¼. In physical units where Planck's constant (divided by ¾ ) as well as the mass and the charge of the particle are all equal one, the corresponding Schrödinger operator is informally given by the differential expression 
Here for given realization ¾ ª of the randomness, the point Ô ´ µ ¾ Ê ¿ stands for the position of the th impurity repelling the particle by a positive potential Í ¼ which neither depends on nor on . The impurities are distributed at a mean concentration ± ¼ according to Poisson's law such that the probability of simultaneously finding Å ½ Å ¾ Å Ã impurity points in respective pairwise disjoint subsets £ ½ £ ¾ £ ¿ Ê ¿ is given by the product
The object of interest in this paper is the integrated density of states AE of the Schrödinger operator (1) with Poissonian random potential (2) . Loosely speaking, AE´ µ is the number of energy levels per volume below a given energy ¾ Ê. (See (4) below and subsequently given references for an exact definition.)
Under some rather weak additional assumptions on Í (see e.g. (3) below) the almostsure spectrum of À´Î µ as well as the set of growth points of its integrated density AE are known to coincide with the half-line ¾ ½ . We will investigate the behaviour of AE near the bottom of this half-line. More precisely, we will determine the so-called magnetic Lifshits tail of AE, that is, the leading low-energy fall-off of AE´ µ as ¾.
Magnetic Lifshits tails have been investigated so far mainly for two space dimensions in which two qualitatively different regimes were found [2, 7, 9, 10, 8] . Here for long-range Í the Lifshits tails depend on the details of the decay of Í and coincide with the lowenergy fall-off of the corresponding classical integrated density of states. For short-range Í, the tails are insensitive to the details of the decay of Í, but sensitive to the magneticfield strength and have therefore a quantum character. ¿. That is to say, one might argue that the motion perpendicular to the magnetic field is confined and the particle moves freely parallel to the field direction such that the effective dimension of the problem should be one. It is therefore tempting to conjecture that a regime of purely classical Lifshits tails occurs for algebraically decaying Í with exponent « ¿´ ½ · ¾µ. But then, the Poissonian random potential (2) is not welldefined for ¿. Thus, from this point of view, one is lead to the wrong conclusion that purely classical Lifshits tails do not exist in three space dimensions.
ASSUMPTIONS, DEFINITIONS AND RESULTS
Throughout this paper, we will consider non-negative impurity potentials Í Ê ¿ ¼ ½ which are integrable as well as square-integrable with respect to the three-dimensional
In particular, this ensures that the Poissonian random potential (2) is a positive, measurable, ergodic random field on some complete probability space´ª Èµ. Moreover, the operator À´Î µ is È-almost surely essentially self-adjoint on the Schwartz space Ë´Ê ¿ µ of rapidly decreasing, arbitrarily often differentiable functions on Ê ¿ . For a wealth of information on these and related questions on random Schrödinger operators, see [12, 5, 18, 19] .
As another consequence, the integrated density of states may be defined by the expectation value
Here 
where we used the notation 
Here we have introduced the two constants ¿« ´¾ · «µ and
For given value of «´ ¾µ and ´ « ´« ¾µµ, the parameter ¬ ¼ fine tunes the degree of anisotropy of the decay of Í by selecting different pseudo-norms in (5). Thanks to equivalence of these pseudo-norms, the choice of ¬ does not effect the order of the decay of Í and hence not that of ÐÓ AE. 
(cf. [9, Eq. (2.14)]) has the same leading low-energy tail as AE, that is, Ð Ñ ¼ ÐÓ AE´ ¾· µ ÐÓ AE Ð´ µ ½.
In the extreme anisotropic limit « ½, condition (6) turns into ½ ¿´ ½ · ¾µ while ¿ and ´ ½µ ½ ´ ½µ´¾ ± ´½ ½ µ µ ½ ½ . Comparing these limiting values with results in [17] and [18, Cor. 9.14], the Lifshits tails (7) are seen to asymptotically coincide with the corresponding classical tails in one space dimension for impurities with concentration ± and algebraically decaying Í (with exponent ). This is plausible from the long-distance tails of Í which develop in the direction parallel to the magnetic field in this limit. The quantum particle is therefore effectively confined to a one-dimensional motion. Thus the one-dimensional picture sketched at the end of the 
In the isotropic case the tails (10) coincide for all values of ¿ « ´ · ¾µ with the corresponding classical tails for ¼, cf. the Introduction and [17, 18] . This is different for anisotropic decay of Í. A straightforward modification of the subsequent proof shows that (7) remains valid for
(see also [17] and [18, Cor. 9.14] for the isotropic case « ¬ .) Accordingly, the validity of (7) requires ¼ in case « . This resembles the two-dimensional situation for which the authors of [2] showed that quantum effects in the Lifshits tail are suppressed in the presence of a magnetic field. 
PROOF
The strategy of our proof of the classical Lifshits tails in Theorem 2.1 goes back to [14, 17] and has been adopted to the magnetic setting in [2, 9, 10] . Instead of the leading lowenergy fall-off of AE, we will investigate the behaviour of its (shifted) Laplace transform 
holds for all values of the magnetic field strength ¼.
In the next two subsections we will show that, after choosing the variational state-vector properly, the bounds (14) asymptotically coincide in the situation of Theorem 2.1. This will complete our proof of (12) and hence of Theorem 2.1. Note that the exponential factor in the upper bound coincides up to a factor of Ô´¾ Øµ ¿ with the (unshifted) Laplace transform of AE Ð . Therefore, (12) , and hence (7), is indeed a classical asymptotics. 
3.2. Asymptotic evaluation of the lower bound. We choose the variational state-vector in our lower bound (14) as follows
It is the time-dependent product of the centred Gaussian in the lowest Landau-level eigenspace and some real-valued, centred, arbitrarily often differentiable, compactly supported ³ ¾ ½ ´Ê µ scaled by Ø . We will pick ¼ later at our convenience. To ensure normalization of we further assume ³ to be normalized with respect the the standard scalar product ³ ³ ½ on Ä ¾´Ê µ. Accordingly, the first term in the exponent on the l.h.s. in We thus arrive at
Since ¼ ½ ¾ « ½ ¾ by assumption, we may pick
Therefore the first term in the r.h.s. of (18) (19) for all Ü ¼.
Proof. We pick ¼ ½ and split the convolution in the l.h.s. of (19) into two integrals with domains of integration inside and outside the ball ´Üµ Ü centred at Ü with radius Ü . Using the fact that the AE Ø is a probability density, the first part is estimated as follows 
